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Abstract

The internal distribution of spectral radiation absorption in one-dimensional semitransparent slab, sphere and
cylinder irradiated uniformly and isotropically is determined by the ray tracing method, and the detailed theory for
computation are deduced. The computed results show that the internal distribution of spectral radiation absorption in
slab differs from that in spherical and cylindrical particles. The peak of internal volumetric spectral radiation absorption
may locate at interior shell of the semitransparent sphere and cylinder. The dimensionless volumetric spectral radiation
absorption is higher near the center for weakly absorbing or small size parameter, but is higher near the surface for
strongly absorbing or large spheres and cylinders. Refraction focuses the rays close to the sphere and cylinder center.
With the increases of the refractive index, the dimensionless volumetric spectral radiation absorption increases near the
sphere and cylinder centers and decreases near the sphere and cylinder surfaces. © 2001 Elsevier Science Ltd. All rights

reserved.
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1. Introduction

Temperature distributions within semitransparent
materials can be strongly affected by internal emission,
scattering and absorption of radiant thermal energy.
This is important for translucent materials at elevated
temperatures, in high temperature surroundings or with
large incident radiation. It is well known that local ab-
sorption of the radiation by a semitransparent medium
is generally nonuniform over its volume. Knowledge of
the local distribution of absorbed radiation energy
within a semitransparent medium is essential for the
improvement of the performance of some industrial
processes, for example, spray combustion, infrared
heating and drying.

Recently, much attention has been focused by many
researchers on the transient heat transfer in semitrans-
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parent materials. Siegel [1] gave the detailed review of
the literatures surrounding the subject over the past 40
years and pointed out that the key difficulty for the
solution of transient heat transfer is the determination of
the local radiant source term in energy equation. Despite
the relatively large interest expressed in the theoretical
solution of radiant absorption in semitransparent me-
dium, most of the work has considered the slab geo-
metrical systems. Only a limited amount of work is
available on the theoretical solution of the radiant
source term in semitransparent spherical geometrical
systems. Tuntomo [2] and Lage [3] applied electromag-
netic theory to study the internal radiant absorption
field of a small spherical particle. Based on the electro-
magnetic theory, Mackowski et al. [4] presented series
expressions for the radial-dependent absorption cross-
section and heat source function in a stratified sphere.
Dombrovsky [5] used Mie theory and a new differential
approximation for radiation transfer to determine the
radial profile of the radiation heat source inside an iso-
thermal particle. Generally, the scattering and absorp-
tion of radiation by semitransparent medium can be
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Nomenclature

h(y)  local volumetric radiation absorption of
surroundings irradiation

Nay average volumetric radiation absorption of
surroundings irradiation

m complex index of refraction m = n — ik,

n refractive index

I spectral radiative intensity of the incident ray

from the surroundings

1,0  perpendicular polarized components of
radiative intensity

Lo parallel polarized components of radiative

intensity

O(y) radiant absorption defined in Egs. (12), (13)
and (15)

R half thickness of slab, radius of sphere and
cylinder

r coordinate shown in Figs. 1-3

x size parameter x = 2nR/2,

y dimensionless coordinate
y=r/R,

Greek symbols
0 incident angle

K extinction coefficient

A wavelength in vacuum

£ local dimensionless volumetric radiant
absorption, & = A(y)/hay

I perpendicular polarized component of
spectral reflectivity

oy parallel polarized component of spectral
reflectivity

¢ initial refraction angle, incident angle for
internal reflection

) azimuthal angle

handled by electromagnetic theory or Mie theory.
However, the computation by electromagnetic theory or
Mie theory is complex and time-consuming. Mie’s the-
ory can be approximated with ray optics when the
characteristic size of system is much larger than the
wavelength.

The objective of the present work is to study the local
volumetric spectral radiation absorption within one-di-
mensional semitransparent slab, sphere and cylinder ir-
radiated uniformly and isotropically by the ray tracing
method and to deduce the detailed theoretical compu-
tation formulae for the internal spectral radiation ab-
sorption of these one-dimensional geometrical systems.
The effects of the related parameters on the internal
distribution of spectral radiation absorption for different
one-dimensional geometrical systems will be analyzed
and discussed.

2. Physical model and formulation

We consider one-dimensional semitransparent slab,
sphere and cylinder surrounded by nonattenuating me-
dium with unit index of refraction. These geometrical
systems are irradiated uniformly and isotropically from
the surroundings. The slab, sphere and cylinder are as-
sumed to be composed of isotropic and homogeneous
medium with complex index of refraction m = n — ix,
and the media constructed these geometrical systems
absorb but do not scatter thermal radiation. In addition,
the boundaries are assumed to be optically smooth.

The physical geometry of an infinite semitransparent
slab with thickness 2R is shown in Fig. 1. Considering a
ray irradiating the slab with incident angle 6 from the

surroundings, the refraction angle ¢ is related to the
incident angle and the refractive index through Snell’s
law as

1
sin¢ == sin 0. (1)
n
The reflectance of external specular reflection can be
expressed as [6]:
(cos 0 — u)* + 12

p.(0) = m> (2a)

ucos 0 — sin® 0)° + v? cos? 0
) p.(0), (2b)

PH(G) = E

. 2
ucos 0+ sin> 0)” + 12 cos? 0

where p, and p are perpendicular and parallel polarized
components, respectively, u and v are the coefficients
given by:

Fig. 1. Physical geometry of the semitransparent slab and ray
tracing.
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W= 0.5{ (2 = 2 = sin” 0) + 4] "

+ (n* —1* —sin’ 0)}, (3a)
= 0.5{ (2 =1 = sin®0)" + 4n2x2]°'5

— (n* — ¥* —sin’ 0) } (3b)

In order to derive the computational formulae of
internal radiation absorption of the slab, let us trace an
incident ray from the surroundings with an incidence
angle 0. The ray enters the slab with the initial refraction
angle ¢. After entering the slab, the ray will undergo
multiple reflection and refraction. By symmetry, ¢ be-
comes the incident angle for all internal reflections, and
2R/ cos ¢ is the distance travelled between consecutive
surface encounters. The reflectances of internal specular
reflection are equal to that of external specular reflection
if expressed in term of the angle 0. For the unpolarized
incident radiation from the surroundings, the relation
between the radiative intensities of the initial incident
and refracted rays can be determined by energy equi-
librium as:

sin 6 cos 6dO
I o=0.5[1—- Iy 4
10=05[1-p, ()] *sin ¢ cos pd¢’ ()
sin 0 cos 0d0
Ijo=0.5 [1 — p“(e)]lsm, (4b)

where [; is the spectral radiative intensity of the incident
ray, I, and Ijo are the perpendicular and parallel
polarized components of radiative intensity of the initial
refracted ray, respectively. For perpendicular compo-
nent, after the first internal reflection, radiative intensity
of the reflected ray becomes as

4 2R
1T =1T0p, (0)exp {* <ﬂ> }

A Jcos¢
—1L0p, (0) pats (5)
=110p,(U)CXp cosd )’
where x is the size parameter of slab defined as
27R
x= % (6)

After the kth internal reflection, the perpendicular
radiative intensity component of the reflected ray is gi-
ven as:

12, = Iolp, (0) exp( — dxic/ cos )] ()

During the kth and (k + 1)th reflection, the perpendic-
ular radiative intensity component absorbed by the slab
with thickness 2r can be written as

a1ty = Lo . @) - 4—")]

cos ¢
2x(1 —y) k(1 +y)
oo e oo )
(8)
where y is the dimensionless thickness defined as
r
y= R )

The absorption of the perpendicular radiative intensity
component in the infinite series of internal reflection
traversals of a single ray can be summed as

o]
a _ a
Al = E Al
k=0

)

x {1 —PL(O)CXp(— gl )r. (10)

cos ¢

Similarly, the absorption of the parallel radiative
intensity component in the infinite series of internal re-
flection traversals of a single ray can be written as

Al = ;Mﬁk

ZIHD{QXP[_M}

cos ¢

_exp[_zx;c(l—i-y)}}

cos ¢

x [l—p(ﬁ)exp(—:::;)}l. (11)

After integration over the range of solid angle, con-
sidering the symmetry, we can derive the following re-
lation for spectral radiation absorption per unit area of a
slab with dimensionless thickness 2y:

O(y) = 2nl /Of{exp [—2xx(1 — )/ cos ¢]
—exp[—2xx(l +y)/cos ¢]}

(1—=p.(0)]
[1—=p.(0)exp(—4xr/cos )]

[1- p”(ﬁ)]

sin 0 cos 0d0.
[1 — p(0)exp (— 4xx/ cos d))]

+

(12)

The physical geometry of a semitransparent
sphere with radius R is shown in Fig. 2. Similarly to the
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Fig. 2. Physical geometry of the semitransparent sphere and
ray tracing.

semitransparent slab, the spectral radiation absorption
of the sphere with dimensionless radius y can be written
as

oW)

Ocna
= 47’ R, / { exp { - 2XK(COS ¢ —1/y? —sin’ (j))}
Jo
— exp {— 2x1c(cos¢> +1/)? — sin’ (b)} }

§ [1—p.(0)
[T p.(8)exp ( — dvrcos §)]

[1- PH(G)]
{1 — p)(0) exp ( — 4xx cos qb)}

} sin 0 cos 0d0.

Fig. 3. Physical geometry of the semitransparent cylinder and
ray tracing.

Here, 0.,4 is determined as following:

1
Ocng = 0.51 if —<y<I, (14a)
n

Oena = sin~' (ny) if 0<y< (14b)

S |-

The physical geometry of a semitransparent cylinder
with radius R is shown in Fig. 3. Similarly to the semi-
transparent slab and sphere, the spectral radiation ab-
sorption per unit axial length of the cylinder with
dimensionless radius y can be expressed as

O(y) = nRI;

Oend (@) 2n cos ¢
X exp | — 2xk 3 3
3 : -
0 0 cos? ¢ + sin” ¢ sin”

N

\/cos2 ¢ + sin” ¢ sin’ @

cos ¢

—exp | — 2xK ——
cos? ¢ + sin” ¢ sin”

\/cos2 ¢ + sin® ¢ sin’ @

{la=non /{100

P ( N (cos2 ;r;cszs (Z) sin’ w)) }
+a=non /{1-n0

P ( - (cos2 ¢4f<s(i::zsqf sin’ w)) } }

—+

x sin 0 cos 0dw do, (15)
where the parameter « is given by
. cos ¢ 7 (16)
\/0052 ¢ + sin® ¢ sin® @

and Oq,q () is determined by following function relation
for any given azimuthal angle w as

Sin Oepq SIN
max | end S0 ) <. (17)

0 ) P
end \/n2 — §in” Oepa (1 — sin” w)

The local and the average volumetric radiation absorp-
tion of surroundings irradiation, A(y) and #,,, can be
defined as
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dZQd(;J’}) for slab,

h(y) = 23%1 for sphere, (18)
(217%(()1}3 for cylinder,
% for slab,

hay = 34%;3) for sphere, (19)
%le) for cylinder.

For the sake of comparison, the local dimensionless
volumetric radiation absorption is expressed as

h
) =" (20)
Egs. (12), (13), (15) and (20) give the distribution profiles
of internal radiation absorption inside the semitrans-
parent slab, sphere and cylinder.

3. Results and discussion

Because the geometrical optics can approximate Mie
theory well only if the characteristic size of system is
larger than the wavelength of incident rays, we only
consider here the internal distribution of spectral radi-
ation absorption in the one-dimensional geometrical
systems with size parameter x > 30. From Eqgs. (12), (13)
and Eq. (15), we can see that the size parameter and the
complex index of refraction will affect the radial distri-
bution profiles of internal spectral radiation absorption
inside the semitransparent slab, sphere and cylinder.

Fig. 4 shows the dimensionless internal spectral ab-
sorption distribution within semitransparent slab for
four different size parameters, from which we can find
the internal volumetric spectral absorption of semi-
transparent slab is not uniform. With the increase of size
parameter, the volumetric spectral absorption within
semitransparent slab become more and more nonuni-
form. The volumetric spectral absorption in the site
closed to the slab center decreases with the increase of
the size parameter, but the volumetric spectral absorp-
tion in the site closed to the slab surface increases with
the increase of the size parameter. From Egs. (12) and
(18), the deriviate d/(y)/dy for semitransparent slab can
be written as

d}cli_(yy): %[S/Oi{exp[—m(l ~ )/ cosg]

—exp|— 2xx(1 +y)/cosd)}}( K )

cos ¢

) 1—p.(0)
[1=p.(0)exp (- 4xr/cos P)]
1—p,(0
+ L=, ()] sin 6 cos 6d6.
1 —p(0)exp (— 4xx/cos P)
(21)
1.6
{1 n=12,k=0.001 ,
144 ——— x=50 J/
l —-=--- x=100 /
-------- x =200 ’
- /
129 —-—- x=s500 .
4 1 4 ;
T P— AR
"""" 7
. ) _ ’
08-_.—--"
0.6 T I T I T l T I T

Fig. 4. The influences of the size parameter on the dimension-
less internal spectral radiation absorption distribution within
semitransparent slab.
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Fig. 5. The influences of the size parameter on the dimension-
less internal spectral radiation absorption distribution within
semitransparent sphere.
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We can see from Eq. (21) that, di(y)/dy = 0 for any y
(0<y<1)and i(y) is the monotonic function of y. The
volumetric spectral absorption in the site closed to the
slab center is always less than that in the site close to
the slab surface.

The dimensionless radial internal spectral absorption
distributions within semitransparent sphere and cylinder
for four different size parameters are shown in Figs. 5
and 6, respectively. It can be seen that the peak of in-

1.2

1.0

0.8

06 ' | T T T T T T T

Fig. 6. The influences of the size parameter on the dimension-
less internal spectral radiation absorption distribution within
semitransparent cylinder.
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ternal volumetric spectral absorption may locate at in-
terior shell of the sphere and cylinder. This differs from
the semitransparent slab, in which the maximum of
radiant absorption always locates in the boundary of
slab. The volumetric spectral absorption in the site
closed to the sphere and cylinder centers decreases with
the increase of the size parameter, but the volumetric
spectral absorption in the site closed to the sphere and
cylinder surfaces increases with the increase of the size
parameter. The phenomena, in which the peak of in-
ternal volumetric spectral absorption locates at interior
shell, may be related to the secondary atomization of
droplet and the internal burst or overheating of spheri-
cal and cylindrical particles.

The effects of the complex index of refraction on the
internal spectral radiation absorption within semi-
transparent slab, sphere and cylinder are shown in
Figs. 7-9, respectively. Due to the effects of Bear’s law,
the dimensionless volumetric spectral radiation ab-
sorption decreases with increasing of the extinction
coefficient, x, near the center and increases near the
boundaries.

By comparison of Figs. 4-9, it can be seen that the
dimensionless volumetric spectral radiation absorption
is higher near the center for weakly absorbing or small
size parameter, but is higher near the boundary for
strongly absorbing or large spheres and cylinders. Since
the refraction focuses the rays close to the sphere and
cylinder center, the dimensionless volumetric spectral
radiation absorption increases with increasing refractive
index, n, near the center and decreases with increasing
refractive index, n, near surfaces of semitransparent
sphere and cylinder.

Fig. 7. The effects of the complex index of refraction on the dimensionless internal spectral radiation absorption distribution within

semitransparent slab.
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Fig. 8. The effects of the complex index of refraction on the dimensionless internal spectral radiation absorption distribution within

semitransparent sphere.
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Fig. 9. The effects of the complex index of refraction on the dimensionless internal spectral radiation absorption distribution within

semitransparent cylinder.

4. Conclusions

The main conclusions from the present analysis can
be summarized as follows:
1. The internal volumetric spectral absorption of semi-
transparent slab is not uniform. The volumetric spec-
tral absorption in the site close to the slab center is

always less than that in the site close to the slab sur-
face.

. The peak of internal volumetric spectral radiation ab-

sorption may locate at interior shell of the semitrans-
parent sphere and cylinder, especially in the cases of
small extinction coefficient, large refractive index
and small size parameter. This may be related to
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the secondary atomization of droplet and the internal
burst or overheating of spherical and cylindrical par-
ticles.

3. Refraction focuses the rays close to the sphere and
cylinder center, the dimensionless volumetric spectral
radiation absorption increases near the center and de-
creases near boundaries of sphere and cylinder with
increasing of the refractive index, n.

4. For one-dimensional semitransparent sphere and cyl-
inder, the dimensionless volumetric spectral radiation
absorption is higher near the center for weakly ab-
sorbing or small size parameter, but is higher near
the surface for strongly absorbing or larger spheres
and cylinders.
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